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Self-Dictionary Sparse Regression for Hyperspectral
Unmixing: Greedy Pursuit and Pure
Pixel Search Are Related

Xiao Fu, Wing-Kin Ma, Tsung-Han Chan, and José M. Bioucas-Dias

Abstract—This paper considers a recently emerged hyperspec-
tral unmixing formulation based on sparse regression of a self-dic-
tionary multiple measurement vector (SD-MMYV) model, wherein
the measured hyperspectral pixels are used as the dictionary. Op-
erating under the pure pixel assumption, this SD-MMYV formalism
is special in that it allows simultaneous identification of the end-
member spectral signatures and the number of endmembers. Pre-
vious SD-MMYV studies mainly focus on convex relaxations. In this
study, we explore the alternative of greedy pursuit, which gener-
ally provides efficient and simple algorithms. In particular, we de-
sign a greedy SD-MMYV algorithm using simultaneous orthogonal
matching pursuit. Intriguingly, the proposed greedy algorithm is
shown to be closely related to some existing pure pixel search algo-
rithms, especially, the successive projection algorithm (SPA). Thus,
a link between SD-MMYV and pure pixel search is revealed. We
then perform exact recovery analyses, and prove that the proposed
greedy algorithm is robust to noise-including its identification of
the (unknown) number of endmembers-under a sufficiently low
noise level. The identification performance of the proposed greedy
algorithm is demonstrated through both synthetic and real-data
experiments.

Index Terms—Greedy pursuit, hyperspectral unmixing, number
of endmembers estimation, self-dictionary sparse regression.

I. INTRODUCTION

YPERSPECTRAL unmixing (HU) aims at determining
the spectra of the underlying endmembers (or materials)
and the corresponding proportions in each sensed pixel from a
captured hyperspectral image (HSI). It is an important branch
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of techniques in hyperspectral data analysis and processing, en-
ables many applications in remote sensing [2], and has close
relationship to topics in other contexts, such as non-negative
matrix factorization (NMF) in machine learning [3]. Readers
are referred to the literature, such as [4], [5] and the references
therein, for descriptions of various HU approaches.

Recently, a new sparse optimization-based approach was
proposed for HU [6]; see also [3], [7]-[10] for other contexts.
This approach uses the measured pixel vectors themselves as
the (overcomplete) dictionary to perform sparse basis selection.
By doing so, a smallest subset of the measured pixel vectors
for representing all the measured pixel vectors is sought, and
the obtained pixel subset is taken as the endmember spectra
estimates. Such a self-dictionary multiple measurement vector
(SD-MMV) formulation is unlike those seen in the currently
active developments in dictionary-aided sparse regression
[11]-[13], wherein a spectral library is often provided in ad-
vance, and endmember estimates are selected from the library.
Instead, the SD-MMYV approach is closer to the pure pixel
search approach [14]-[19] in terms of rationale. In essence,
it is shown that finding the aforementioned pixel subset in
SD-MMYV amounts to identifying pure pixels [6]; i.e., pixels
that contain only one endmember. SD-MMYV is more than just
an alternative means for pure pixel search, however. Its formu-
lation encourages one to perform simultaneous identification
of the pure pixels and the number of endmembers—which is
attractive since we generally require a separate model order
estimator [20], [21] to identify the number of endmembers,
and such a problem is generally challenging to cope with. In
comparison, the problem of simultaneous identification of the
pure pixels and the number of endmembers is less considered
in the traditional pure pixel search studies; see [22], [23] for
recent works that start to look at this direction.

At present, most of the studies handle the sparse SD-MMV
optimization problem via convex relaxations [6]-[10]. Remark-
ably, it is shown that convex SD-MMYV relaxations can provide
exact recovery of the pure pixels if pure pixels exist and noise is
absent [6], [7]; see [8]-[10] for further results in the noisy case.
However, convex SD-MMYV relaxations have a drawback—its
computational overheads are generally high, since the number
of optimization variables involved in a convex SD-MMYV re-
laxation is the square of the number of pixels (e.g., an HSI with
1,000 pixels amounts to 1,000,000 optimization variables). The
existing works circumvent this issue by downsizing the HSI data
through extra processing [6]; see also [3].
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In this paper, we tackle the SD-MMV HU problem using
a different strategy, namely, greedy pursuit. Greedy pursuit
is a well-known and frequently-employed tool for handling
compressive sensing or sparse optimization problems [24],
besides convex relaxations. It generally leads to algorithms
that are computationally much cheaper than those by convex
relaxations, and thus is believed to be more suitable for ‘big
data’ problems such as the HU problem. Our study has its
emphasis on easy-to-implement algorithms, while establishing
theoretical grounds for their soundness at the same time. Our
contributions are summarized below.

1) We consider the application of a popular greedy method,
namely, simultaneous orthogonal matching pursuit
(SOMP), to the SD-MMYV formulations. The resulting al-
gorithm, called SD-SOMP for short, is shown to be closely
related to some existing pure pixels search algorithms,
namely, successive projection algorithm (SPA) [17], [25],
automatic target generation process (ATGP) [18], and
successive volume maximization (SVMAX) [19]. Such a
connection is not seen in convex SD-MMYV relaxations,
and is interesting in the sense of building a link between
the long-existing pure pixel search algorithm class and the
relatively new sparse regression developments.

2) We proceed further by studying the noisy case. Armed
with a recent theoretical result by Gillis and Vavasis [25],
we analyze exact recovery conditions of SD-SOMP in the
noisy case and under unknown number of endmembers.
The analysis shows that SD-SOMP is robust against noise
perturbations under sufficiently high signal-to-noise ratios
(SNRs)—including the identification of the number of end-
members. We also prove exact recovery conditions of the
original (and generally much harder) SD-MMYV problem
under the same settings, which is not only meaningful for
the purpose of understanding the relative approximation
accuracy of SD-SOMP in the present work, but could also
be of independent interest in other contexts such as NMF.

In the conference version of this paper [1], the first contribu-
tion was presented. The second contribution is new; in fact, it
represents a more significant contribution of this paper.

We should mention that in one of our SD-SOMP designs, the
algorithm is observed to bear some resemblance to a few ex-
isting pure pixel search works [22], [23] that consider simulta-
neous identification of pure pixels and the number of endmem-
bers; the similarity lies in the stopping criterion. What sets this
work apart is that our design is equipped with rigorous exact
recovery analysis. In fact, numerical and real-data experiments
will show that under high SNRs, our proposed design provides
consistent and generally better estimation performance than the
previous works.

II. BACKGROUND

A. Notation

We use notations commonly seen in signal processing, HU
or related fields. The notations x € R™ and X € R™*™ mean
that x and X are a real-valued n-dimensional vector and a real-
valued m X n matrix, respectively (resp.). The superscript “T"
stands for transpose. The vector £, norm, ¢ > 1, is denoted
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by || - |l4- In addition, the ith column of a matrix X € R™*"
is denoted by x; € R™; the notation x > 0 (resp. X > 0)
means that x (resp. X) is element-wise non-negative; 1 denotes
an all-one vector; e, denotes a unit vector where [eg]  — land
lex]); = 0 for all & # i; the cardinality of a given discrete set
A is denoted by |A[; given a matrix X € R™*™ and an index
set A C {1,...,n}, Xp € R™<IAl denotes a submatrix of X
where we choose a subset of columns of X whose indices are
listed in A; similarly Xy, = [x1,..., X denotes a submatrix
of X that contains the first £ columns of X; rowsupp(X) =
{j|x? # 0} denotes the row support of X, where x? denotes the
jthrow of X; || X||row—0 = [rowsupp(X)| denotes the row-£g
quasi-norm, or the number of nonzero rows, of X; P)L( =I-
X(XTX)TXT is the orthogonal complement projector of X,
where the superscript “1” stands for the pseudo-inverse; and
Omin(X) and oy (X) denote the smallest and largest singular
values of X, resp.

B. Problem Setup

The problem setting in this paper is identical to that of the
widely-adopted linear mixing model. Readers are referred to the
literature, such as [4], [5], for detailed coverage, and herein we
concisely state the model. Specifically, we have

x[n] = As[n]+v[n], n=1,...,L, (N
where x[n] € RM denotes the measured hyperspectral pixel
vector at pixel n, with M being the number of spectral bands;
A = [ay,...,ay] € RMXN s the endmember signature ma-
trix, in which each column a; is the hyperspectral signature
vector of a distinct endmember and NV is the number of endmem-
bers; s[n] € RY is the abundance vector at pixel n; v[n] € RM
is noise; L is the number of endmembers. Every s[n] is assumed
to satisfy the non-negativity and sum-to-one constraints, i.e.,
s[n] > 0 and 1Ts[n] = 1, resp., and the columns of A are
assumed to be linearly independent. For convenience, we will
let X = [x[1],...,x[L]].

In HU, the problem is to estimate the endmember signatures
aj,...,ay and the abundance vectors s[1], ..., s[L] from the
measured dataset {x[n]}Z_,. We will focus only on estimation
of endmember signatures; once A is acquired, s[n]'s can be re-
covered by standard non-blind unmixing methods; e.g., [26]. A
common assumption in many HU studies is that the number of
endmembers N has been estimated a priori (specifically, by an-
other algorithm such as [20], [21]), and presumably, perfectly
estimated. This work will consider estimation of both the end-
member signatures and the number of endmembers.

It is important to introduce the concepts of pure pixels [5],
[14]-[19], since the framework to be presented is strongly con-
nected to such concepts. In particular, to accurately describe
some theoretical results shown later, some precise definitions
for pure pixels are essential.

Definition 1: An indexn € {1,..., L} is called a pure pixel
index of endmember k if s[n| = ey,.

Definition 2: The pure pixel assumption is said to hold if, for
allk € {1,..., N}, a pure pixel index of endmember k exists.

Definition 3: Suppose that the pure pixel assumption holds.
An index set A C {1,...,L} is called a complete pure pixel
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index set, or simply complete, if A contains a pure pixel index
of every endmember and |A| = N.

Also, for ease of explanation, the number of endmembers
N will alternatively be called model order in the sequel. The
pure pixel assumption physically translates into scenarios
where some measured pixels are constituted purely by one
endmember, and every endmember has such pure pixels in the
captured scene. Note that the pure pixel indices are unknown,
and that one endmember may have more than one pure pixel
index. Under the pure pixel assumption, the HU problem may
be formulated as that of identifying a complete pure pixel
index set A [14]-[19]. Let us briefly review this by considering
the noiseless case. By letting n; be a pure pixel index of
endmember % (and assuming its existence), the measured hyper-
spectral vector at pixel ny equals x[ng] = Aey = ag. Hence, if
we can secure a collection of the indices 71, ..., nx, or equiv-
alently, a complete pure pixel index set A = {n1,...,n5},
then X = [x[n1], ..., x[ny]] is the true endmember signature
matrix A up to a column permutation. Note that in the noisy
case, X, becomes a noise perturbed version of A; in practice,
such an estimate may be reasonable at least for high SNRs.
Also, by saying identification of a complete A, we may refer to
pure pixel index identification without knowledge of N—that
is, simultaneous estimation of the endmember signatures and
the model order.

C. Multiple Measurement Vector Model

To understand the principle of self-dictionary sparse regres-
sion for HU, it would be helpful to start with the multiple mea-
surement vector (MMYV) model in compressive sensing [24],
[27]1-[29]; a concise review is as follows. We are given a mul-
titude of measurement vectors x[n] € R, n =1,..., L. The
problem is to represent each x[n] by a linear combination of
some atoms taken from a dictionary, and one wishes to do so
with the fewest number of atoms. Let B € R¥>*X be the dic-
tionary where each column b; is an atom and K is the dictionary
size,and X = [x[1],...,x[L]] € RM>L We aim at performing
the representation

X =BC 2

for some coefficient matrix C € REXZ By letting
A = rowsupp(C), which lists all indices of nonzero rows of
C, it is easy to see that the active atoms in (2) are {b;};.,.
Thus, selecting a minimal number of atoms for (2) is the same
as minimizing the number of nonzero rows of C in (2). This
observation leads to the following formulation for sparse MMV
representation

min ||Cllrow -0
CEREXEL
s.t. X = BG; 3)

see [24], [27]-[29].

D. Self-Dictionary MMV

A novel sparse MMV formulation was recently introduced in
[6], [7]. The idea there is to use the measured dataset X itself as
the dictionary. By doing so, one seeks to find a smallest subset of
measurement vectors to represent the whole set of measurement
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vectors. Following the MMV formulation in the last subsection,
an SD-MMYV formulation may be written as

CglRanxL ”CHrowa

st. X =XC, C>0,17'Cc=17; 4)
see [7]. Note that the SD-MMYV formulation above sets the dic-
tionary as B = X; cf. (2). Moreover, the SD-MMYV formulation
introduces two additional model constraints, namely, C > 0
and 17C = 17 The two constraints mean that we model each
measurement vector x[n] as a convex combination of the atoms
{x[i]}E_,; specifically, by noting that c,, is the nth column of
C, the constraints in (4) can be equivalently written as x[n] =
Xc,, ¢, > 0,17¢, = 1, for all n.

Our interest in the SD-MMYV model lies in the HU problem.
Consider the linear hyperspectral signal model in (1) in the
noiseless case, and suppose that the pure pixel assumption
holds. Also, for illustration simplicity, assume without loss of
generality (w.l.o.g.) that the first N indices of the measured
pixels are pure pixel indices, with index & being a pure pixel
index of endmember k& for £k = 1,..., N. Following the dis-
cussion in Section II-B, we have X1.;y = [a1,...,ay] = A
(in the noiseless case). Subsequently, we can perform the
representation X = XC by setting

s(1]  s[2]
0 0

s[L]

C= o |- (5)

Note that (5) automatically satisfies the constraints C > 0 and
17C = 17, owing to the non-negative and sum-to-one natures
of the abundance vectors s[n]. Thus, (5) is a feasible point of
Problem (4). Moreover, by letting A = rowsupp(C) for (5)
(which is simply A = {1,2,..., N} in this example), we ob-
serve that Xy, = A, that is, the true endmember signature ma-
trix. Note that for cases where pure pixel indices are arbitrarily
placed, the same argument holds; see [ 7], particularly (12) there.
The intuition of the above observation is that by solving the
SD-MMYV problem (4), we may recover a complete pure pixel
index set A, and consequently, identify the true endmember sig-
nature matrix. A rigorous analysis confirming the validity of
this intuition, with noise also being taken into account, will be
shown later (Theorem 2). It is worthwhile to point out that the
SD-MMYV formulation in Problem (4) does not assume knowl-
edge of the model order V. Hence, fundamentally the SD-MMV
formulation also provides us with the opportunity to identify the
model order, as indicated by ||C||ow—0-

As is well known in compressive sensing, a sparse MMV
problem can be tackled either by convex relaxations [24],
[29], which replaces ||C||;ow—_o With a convex function, or by
greedy pursuit [27], [28], which employs simple atom selection
schemes. In the specific context of the SD-MMV model, the
existing studies mainly focus on convex relaxations [6], [7].
It is shown that a mixed ¢;/{,-norm relaxation of Problem
(4), with ¢ > 1, can guarantee exact recovery of a desired C
(such as (5) in the above example) in the noiseless case and
under the pure pixel assumption. This exact recovery result
is meaningful, and different from results seen in the MMV
model. In general, exact recovery results for the sparse MMV
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model usually require certain conditions on the dictionary B
[27], such as the mutual coherence level of B. In SD-MMYV,
it turns out that the key behind achieving exact recovery is
the pure pixel assumption, rather than the mutual coherence
or similar measures. However, there is an arguably restrictive
assumption behind the previous convex relaxation works—that
one endmember cannot have repeated pure pixels.

In the remaining part of this paper, the greedy approach to
SD-MMYV will be considered.

III. GREEDY ALGORITHM FOR SD-MMV

In this section, we consider a greedy algorithm for the
SD-MMYV formulation. The exact recovery condition of the
algorithm in the noiseless case will be analyzed, and the rela-
tionship to some existing HU algorithms revealed.

Specifically, we concentrate on simultaneous orthogonal
matching pursuit (SOMP) [27], [28], a well-known greedy
algorithm for the sparse MMV problem. SOMP approxi-
mates the MMV problem (3) by selecting one atom at a
time. To describe it, suppose that we have previously se-
lected a number of £ — 1 atoms, represented by the index
set A, 1 = {P1,...,A 1} C {1,...,K}. In particular,
Ba,., = [bay,--.,ba, ] contains the previously selected
atoms. To select a new atom, SOMP first forms a residual

Ri_1= PﬁAki X,

1

Q)

where PﬁAk ) is the orthogonal complement projector of
B, , and is used to remove components of By, , from X.
Then, the new atom is chosen by the greedy selection step

Q)

np = arg, max, (L Hq ’
where ¢ > 1 is a prescribed constant. The intuition behind
(7) is that if Ry_1 is mostly contributed by one atom, then
IRT |b; Hq is likely to be the largest at that atom. Once iy, is
obtained, we form the new atom selection index set via A, =
Ag_1U{fg}. The steps in (6), (7) are repeated (with k increased
by one each time) until a stopping rule is satisfied.

Algorithm 1 ¢, SD-SOMP

input: X;

1E=0A0 =3;Rqg =X,
2 repeat

3 k=k+1;

4 fy, = arg maXLHRf_lx[nHI ;

n=1,..., q
5 Ap =AM U{uh
_ pl .
6 R; = PXAkX’
7 until a stopping rule is satisfied,

output: A = Ay.
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Now, we apply SOMP to the SD-MMV problem (4) by re-
placing B with X. The resulting algorithm, summarized in Al-
gorithm 1, will be called £, SD-SOMP in the sequel. We are
interested in the fundamental natures of £, SD-SOMP. First, we
show that £, SD-SOMP is provably sound in terms of guarantee
of exact recovery.

Theorem 1: Consider £, SD-SOMP in the noiseless case and
under the pure pixel assumption. For any q € (1, |, the fol-
lowing results hold.

1. Fork € {1,..., N}, the index fiy, obtained in the greedy
selection step (cf. Step 4 in Algorithm 1) is a pure pixel
index.

2. Theindexset Ay = {f1,...
index set.

The proof of Theorem 1 is given in Appendix A. Theorem 1
asserts that £, SD-SOMP attains exact pure pixel index identi-
fiability in the absence of noise. In particular, the simple greedy
scheme by £, SD-SOMP gives the same exact recovery guar-
antee as that by the previous convex relaxation works [6], [7].
We should also note that while the convex relaxation works
require the assumption of non-repeated pure pixel indices to
achieve exact recovery, {; SD-SOMP has no such restriction.
In the above result, we do not specify how the model order V is
identified. In fact, identifying N with greedy pursuit is trivial in
the noiseless noise—it is immediate from Theorem 1 that if the
stopping rule (cf. Step 7 in Algorithm 1) is | Rk || » = 0, then £,
SD-SOMP stops at & = . It should however be stressed that
in the noisy case, identifying N is nontrivial. This issue will be
addressed in the next section.

Second, there is a connection between £, SD-SOMP and
some existing HU algorithms. Let us consider the special case
of g = .

Observation 1: For £, SD-SOMP, the greedy selection step
in Line 4 of Algorithm 1 can be equivalently written as

, o } is a complete pure pixel

®

N L
i), = arg max HP x|n H
%n:l o F Xy [n]

2

Observation 1 appears in the proof of Theorem 1 (See
Appendix A). Interestingly, we observe that if we set the stop-
ping rule as & > N (or run N iterations and then terminates),
then £, SD-SOMP takes exactly the same form as SPA [17].
We should remark that SPA falls in a family of recursive pure
pixel search algorithms, e.g., [17], [18], [22], and that SPA is
also known to be very similar to SVMAX [19] under the Winter
simplex volume maximization formulation; see [5] for further
discussion. As an aside, SPA appears to be very special—the
same algorithm can be derived in three different ways, namely,
recursive pure pixel search, simplex volume maximization, and
now, greedy SD-MMV pursuit.

Before finishing this section, we should point out that
one can also employ other greedy algorithms to process the
SD-MMYV problem. For example, in [1], we derive another
greedy SD-MMYV algorithm using the reduced MMV and boost
framework [30]. Interestingly, the resulting algorithm turns
out to be similar to vertex component analysis (VCA) [16], a
popular pure pixel search algorithm. We skip this result due to
the limit of space.
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IV. SPARSE SD-MMYV MODEL IN THE NOISY CASE

In this section, we consider the sparse SD-MMV model and
its greedy algorithm in the case where noise is present and the
number of endmembers is unknown.

A. A Robust SD-MMV Formulation

In the noisy case, we propose to adopt the following robust
SD-MMV formulation

Cé?QanxL HCHI‘OWfO (9&)
s.t. [|x[n] — Xepll, <6, n=1,...,L, (9b)
c>0,17c =17, (9¢)

where 4 > 0 is a prespecified constant. Problem (9) is
reminiscent of the basis pursuit denoising formulation in
compressive sensing, where the former seeks to approximate
X = XC within a certain tolerance level (specified by )
while minimizing the number of atoms involved at the same
time. Also, Problem (9) reduces to the noiseless SD-MMV
formulation (4) when § = 0. Let Cp¢ be an optimal solution
to Problem (9). Following the SD-MMV concept described
in Section II-D, we estimate a complete pure pixel index set
by using Aoy = rowsupp(Cope). In particular, |Agpn| (or
|| Copt | 0w_o) Provides an estimate of the model order N, and
X Aop: an estimate of the endmember signature matrix A.

Before proceeding to the development of greedy pursuit for
Problem (9), it is interesting to analyze how robust Problem (9)
can be in the noisy case. Consider the following setting.

Assumption 1: The pure pixel assumption holds, and every
noise vector v[n|,n = 1,..., L, satisfies ||v[n]||2 < € for some
e > 0.

Our robustness analysis is based on a worst-case approach
with respect to (w.r.t.) noise. First, we show two lemmas con-
cerning the model order estimate. The first lemma is as follows.

Lemma 1: Suppose that Assumption 1 holds. If § > 2e,
then there exists a feasible point C of Problem (9) such that
HCHrowa = N.

The proof of Lemma 1 can be found in Appendix B.
Lemma 1 suggests that we can guarantee

”COPt HI‘O\N—O S N

by setting & > 2¢; or, in words, an optimal solution to Problem
(9) does not overestimate the number of endmembers N for a
sufficiently large 8. The second lemma is described below.

Lemma 2: Suppose that Assumption 1 holds. Any feasible
point C of Problem (9) must satisfy the following property: For
each k € {1,..., N}, there exists an index ny, € rowsupp(C)
such that

2(5 + 2¢)
Umin(A) '

where oyin(A) is the smallest singular value of A.. In addition,
if the condition

lex — sligll, <

(10)

2(5 -+ 2¢)

70min(A) <1 (11)
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holds, then each #vy; is distinct; i.e., v, # 7 forallk # 3, k,j
c{L,...,N}.

The proof of Lemma 2 can be found in Appendix C.
Lemma 2 implies that if 4 is chosen such that (11) holds, then

1Coptllon o = N

that is, an optimal solution to Problem (9) does not underes-
timate N for a sufficiently small 4. This, together with the
non-overestimating implication of Lemma 1, are vital—by
satisfying both the conditions in Lemmas 1-2, we can
achieve ||Coptll, o o = V. With this in mind, we prove in
Appendix D the following claim.

Theorem 2: Consider the SD-MMYV problem (9) under As-
sumption 1. Suppose that

€ < Umin(A) ° H;ll’l {17 d(S)} ,

(12)
where

o i flex —s(nlll,
sinl#ey,

(13)

is a distance measure between pure and non-pure abundance
pixels. Then, for any § € [2¢,0min(A)/2 — 2¢), an optimal
solution Cqpy, to Problem (9) exactly recovers a complete pure
pixel index set; specifically, Aop, = rowsupp(Copy) is a com-
plete pure pixel index set.

Theorem 2 implies that for a sufficiently small noise level,
the SD-MMYV problem (9) is robust against noise perturbations.
Also, as an immediate corollary of Theorem 2, the noiseless
SD-MMV formulation (4) guarantees exact recovery in the
noiseless case (set § = ¢ = 0). We should note that the exact
recovery condition in (12) is a provable bound, taking care of
the worst possible noise under Assumption 1. In practice, one
may expect a much better noise tolerance than that in (12).
Furthermore, Theorem 2 suggests how § should be chosen;
specifically, it suffices to choose § = 2¢. Two additional
technical remarks are in order.

Remark 1: We should discuss the distance measure d(S),
which appears in (12) as a performance limiting factor. The
measure d(S) describes the proximity of pure and non-pure
pixels in a smallest possible sense, and it can be small when
there are near-pure pixels (or non-pure pixels that are close to
pure pixels). Thus, at first look of (12), it seems that achieving
exact recovery requires a very small noise level. This is not ex-
actly true: near-pure pixels can also be seen as noise-perturbed
pure pixels. By remodeling near-pure pixels as pure pixels,! the
value of d(S) can be improved, although such remodeling also
comes with a price of increasing the noise level.

Remark 2: Following the discussion in the previous remark,
one may wonder whether good recovery results can be estab-
lished without d(S). The answer is yes.

ISpecifically, we can write x[n] = a; + V[n], V[n] = a;(si[n] — 1) +
> 2: a585[n] + v[n], for some ¢, and see ¥[n] as noise satisfying Assumption
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Corollary 1: Consider the SD-MMYV problem (9) under As-
sumption 1. Suppose that
min A
e < Tmn(A) (14)
3
Then, for any § € [2¢,0min(A)/2 — 2¢), an optimal solution
Copt to Problem (9) satisfies ||Cllrow—o = N. Also, by de-
noting rowsupp(Copi) = {f1,..., 0w}, the endmember es-
timate {x[A1],...,x[fin]} satisfies

_max_|lall,
g — il < 200429 =

Corollary 1 is a side-product of the proof of Theorem 2; see
Appendix E for the proof. Corollary 1 indicates that even if
Problem (9) may not guarantee exact recovery in a complete
sense, it can still guarantee exact recovery of the true model
order under a more relaxed condition on the noise level. It is
also worthwhile to note that Corollary 1 pins down a provable
bound on the endmember estimation accuracy, again, under a
more relaxed noise setting.

+e.

B. Greedy Pursuit for the Robust SD-MMV Formulation

We now turn our attention back to greedy pursuit. Our devel-
opment in the noisy case is the same as before—use a greedy
method, specifically, {, SD-SOMP in Section III, to iteratively
select atoms. What requires design here is that of the stopping
rule, which, as discussed, is trivial in the noiseless case but not
as obvious in the noisy case. Moreover, we hope that with a
proper stopping rule design, the resulting greedy algorithm can
have some performance guarantee that links up with that of the
robust SD-MMYV formulation in the last subsection. Our study
starts with the following stopping rule:

Stopping Rule 1: Stop if there exists a feasible point
C of Problem (9) whose row support is fixed as
rowsupp{C) = Ayg.

The idea of Stopping Rule 1 is natural: progressively increase
the estimated model order until we can find a feasible solution
to Problem (9). To implement Stopping Rule 1, first note that
for any C satisfying rowsupp(C) = Ay, we can represent

[x[n] = Xenlly = lIx[n] = Xa,Cnll,

where €, € R!“t! denotes a subvector of ¢,,, obtained by
choosing the elements of ¢,, whose row indices lie in Ag. By
solving the following fully constrained least squares (FCLS)
problems

min
€>0,1Te=

en = lixn] = X, e (15)
forall n = 1,..., L, which can be readily done by applying
an available solver, we can verify the existence of the desired
feasible C by checking whether e,, < 52 holds for all 7.

Now, we come to the following question—can ¢, SD-SOMP
guarantee exact recovery of a complete pure pixel index set? To
address this analysis problem, we first need a key result by Gillis

and Vavasis.
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Fact 1 (Theorem 3, [25]): Consider SPA, or equivalently,
running Lo, SD-SOMP for N iterations. Suppose that Assump-
tion 1 holds. If

Jmin(A)

4/Nn(A)’

where n(A) > 1 is a constant that is proportional to

2
maX;—1,..,N ||ai||2>
?

'n(A)S(?( TN

T in

(16)

then the pure pixel index estimates iy, . .
bound

., iy satisfy an error

— x[f]ll, < €-n(A) a7

|z,

for some permutation w of {1,...,N}.

We should mention that the Gillis-Vavasis theorem described
above is a worst-case provable result under the scenario of
known model order. Using Fact 1 and the proof techniques
in Lemmas 1-2, we establish an exact recovery condition as
follows.

Theorem 3: Consider £, SD-SOMP with Stopping Rule 1.
Suppose that Assumption 1 holds, and that

Umin(A) - min {17 d(S)}
4v/Nn(A)

where d(S) is defined in Theorem 2. Then, for any &
€ [2¢,0min(A) — 2¢), L SD-SOMP guarantees exact re-
covery in the sense that the output Nisa complete pure pixel
index set.

The proof of Theorem 3 is relegated to Appendix F. It is in-
teresting to compare Theorems 2 and 3—their exact recovery
conditions differ only by a factor of 0.5v/N7(A), which can
be interpreted as a performance loss factor owing to the use of
greedy approximation for the SD-MMYV problem (9).

While we have shown that ¢,, SD-SOMP with Stopping
Rule 1 exhibits exact recovery guarantee in the noisy case, it
has a drawback. Specifically, Stopping Rule 1 requires solving a
number of I FCLS problems (cf. Problem (15)) at each greedy
iteration, which can be computationally intense in practice. On
the other hand, while the proof of Theorem 3 is for Stopping
Rule 1, it reveals a hint on designing a simpler stopping rule
that attains the same exact recovery guarantee as Stopping
Rule 1. The result is as follows.

Theorem 4: {.. SD-SOMP with the following stopping rule

; (18)

Stopping Rule 2: Stop if

min
¢>0,1Te=

19

. l|x[fgy1] — Xa,€ll, <6,

where 741 is the index obtained by the greedy selection
step at the next iteration.

attains the same exact recovery condition as in Theorem 3.
The proof of Theorem 4 is described in Appendix G. Note
that Stopping Rule 2 requires solving only one FCLS problem
at each greedy iteration, which is much less than that in Stop-
ping Rule 1. It is interesting to mention that similar forms of
Stopping Rule 2 have been considered in some prior works
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[22], [23]. The most similar one is GENE-CH [22], wherein
the authors proposed a Neyman-Pearson detection rule for (19)
by applying a rather strong model. In particular, the optimal
solution to the problem at the left-hand side (LHS) of (19) is
modeled as the true abundance, which intuitively seems reason-
able, but has no strong theoretical basis to support in the noisy
case. In comparison, our analysis is rigorous from a worst-case
provable bound perspective; Assumption 1 is the only assump-
tion in our proof. Moreover, GENE-AH [22] is a variant of
GENE-CH, wherein the sum-to-one constraint in (19) is re-
laxed. Also, an earlier work, ATGP-NPD [23], considers the
unconstrained least squares version of (19); it uses the Neyman-
Pearson detection rule, which is later adopted in GENE-AH and
GENE-CH. By our analysis experience, both the non-negativity
and sum-to-one constraints in (19) are vital in bounding the
noise effects.

Our analysis also reveals some more technical results.

Remark 3: Like Corollary 1, we can also prove a more re-
laxed condition under which £, SD-SOMP can at least guar-
antee correct identification of the model order.

Corollary 2: Suppose that Assumption 1 holds. £,
SD-SOMP with Stopping Rule I satisfies |A| = N if

Tmin(A)
4 (1 + \/Nn(A)) ’
and for § € [(1 + n(A))e, omin(A) ,A(3 + n(A))e). £y
SD-SOMP with Stopping Rule 2 satisfies |A| = N if
O'min(A)
4 (1.25 + \/Nn(A)) ’

€ <

(20)

€ <

e2y)

and for 5 € [(1 4 n(A))e, omin(A) — (44 2(A))e). In both
cases, the endmember estimation error bound in (17) is satisfied.

The proof of Corollary 2 is relegated to Appendix H. Com-
paring Corollary 2 and Fact 1, we see that the error bounds in
(20), (21) are only slightly worse than (16); which means that
pure pixel identification without knowing the model order does
not incur a significant performance loss than that knowing the
model order.

Remark 4: Although we focused only on ., SD-SOMP in
this section, all the above results can be readily extended to £,
SD-SOMP for any ¢ € (1,oc). The key insight is to apply the
Gillis-Vavasis theorem again on the function f(x) = [|X7x||,;
see details in [25]. It can be shown that Fact 1 still holds, except
that n(A) should be replaced by

)A) <O (aq ) D )||ai||2> |

O in

where o, > 1 is a constant related to the (local) Lipschitz con-
stant of the gradient of ||x||, and the (local) strong convexity
parameter of ||x||4, and £(X) = opax(X)/omin(X) > 1 is the
condition number of X. Comparing the above equation and the
n(A) in Fact 1, we see no advantage of using ¢ € (1, 00) over
q = oo from a provable bound viewpoint. Before we close this
remark, we should mention the concurrent work [31]; roughly
speaking, it shows that 7#{A) can be improved via precondi-
tioning methods.
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V. SIMULATIONS

A. Simulation Settings

In this section, synthetic hyperspectral images are used
to demonstrate the performance of £, SD-SOMP. The end-
members are picked from a subset of the U.S. Geological
Survey (U.S.G.S.) library [32], and they are minerals such as
Carnallite, Ammonioalunite, Biotite, Actinolite, Almandine,
Ammonio-jarosite, Andradite, Antigorite, Axinite, Brucite,
Carnallite, Chlorite, Clinochlore, Clintonite, Corundum, Di-
aspore, Elbaite, Erionitet+tMerlinoit, Galena, Goethite, and
Halloysite. The number of frequency bands is M = 224,
The abundance vectors are randomly generated following the
uniform Dirichlet distribution. Pure pixels are manually added.
The noise is zero-mean white Gaussian, both spectrally and spa-
tially. The SNR is defined as SNR = >%__ || As[n]||2/M Lo?,
where o2 is the noise power. In all the simulations, the model
order N is unknown to the HU algorithms.

The settings for £, SD-SOMP are as follows. Stopping Rule 2
is employed. Following the design guideline suggested by The-
orem 4, we set 6 = 2e¢. The noise bound ¢ is unknown in prac-
tice, and we estimate it by using multiple linear regression [20]
to obtain gross estimates of the noise vectors v[n], and then
using the estimated noise vectors to determine ¢. By our em-
pirical experience, the above procedure is able to provide a rea-
sonable noise bound.

We choose GENE-CH and GENE-AH [22] as benchmarks.
Regarding their settings, we should mention that GENE-CH/AH
employs a preprocessing step for noise suppression. Specifi-
cally, the preprocessing step projects the measured pixel vectors
into an Ny ax-dimensional (N < Ny, < M) subspace, where
Npax 1s the largest possible number of endmembers (or a con-
servative rough guess of IV). The projection step is referred to as
inexact affine set fitting-based dimension reduction (ASF-DR);
see [22] for details. We set Nyax = 50 for GENE-CH/AH in
our simulations. Also, unless specified, the false alarm proba-
bility specification of GENE-CH/AH is set to Ppa = 109,

We use the detection probability

Prob{A = A},

as our performance measure, where A is the (true) complete set
of pure pixel indices, and A denotes an estimate of A from an
HU algorithm. Note that a high detection probability indicates
not only accurate estimation of pure pixel indices, but also ac-
curate estimation of the model order /N. The number of trials
for evaluating the detection probability is 100.

B. Simulation Results

Fig. 1 shows the detection probabilities of {; SD-SOMP and
GENE-CH/AH under various SNRs. The true number of end-
members is N = 10, and the number of pixels L = 5,000.
One can see that when SNR < 26 dB, GENE-CH exhibits
the highest detection probabilities. When SNR > 26 dB, the
detection probabilities of £, SD-SOMP (with ¢ = 2,5, 00)
sharply rise to one. This observation is consistent with our anal-
ysis: £, SD-SOMP is robust to noise under sufficiently high
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Fig. 1. Detection probability performance w.rt. the SNRs. (N,L) =  Fig. 3. Detection probability performance under no pure pixels. (N, L) =
(10, 5000). {10,5000); SNR = 35 dB.
1 50 — TABLE I
i : MEANS=ESTANDARD DEVIATIONS OF THE ESTIMATED NUMBERS OF
0.9 - 3 L ENDMEMBERS BY VARIOUS ALGORITHMS. SNR. = 35 dB; L = 5000
o7l I, Algorithm | P, n 3 2 6 20
’ i {5, SD-SOMP 440 8+0 1240 1620 | 204+0.197
=06 i HYSIME 440 8+0 1240 1540.171 | 17+0.1
[ : 107*] 6.28+1.89 | 9.1941.27 | 13.1£1.14 | 16.6:£0.861 | 20.2:£0.443
<, 05 i GENE-CH |107°| 5.08+1.04 |8.44:0.671 | 12.440.715 | 16.140.327 | 2040.245
< ! 1075]4.3940.634 | 8.12£0.327| 12.14£0-239 | 1640.1 | 20£0.174
& 04r : ‘ . 10~*] 5.65+1.06 | 8.9941.07 | 12.8+0.94 | 16.4=0.609| 2040284
—6— s, SD-SOMP (Nipax = 50) GENE-AH |107°]4.9540.914 |8.4140.653 | 12.340.525 | 16.1:£0.256 | 19.920.356
03r =© =L SD-SOMP (Nyax = 100) 107%4.354+0.575| 8.140-302 | 12+0.141 1640 | 19:740-482
02l +-0-£e SD-SOMP 107 4+0  [593+0.293] 940  [8.1440.817| 3.01£0.1
: —+—GENE-CH (P, = 107% Ninax = 50) HFC 107°] 440 [58240.386| 940  [7.24:+0.495| 2.9940.1
01 —k— GENE-AH (P, = 107% Nyax = 50) 105 440  [5.93+0.541| 940239 [8.1440.284|3.01+0.171
. 1074 440 |4.1340.367]9.3640.482|7.15£0.359 | 3.11:£0.314
0L sFee- F0-0-0-0-0 NWHFC [107°] 440 440  [90840-273| 7-0140-1 | 3.0140-1
10 15 20 25 30 35 40 10°°] 440 440 9+£0  [6.98£0-141| 2.99+0.1
SNR (dB) 107*] 18.4:41.24 | 24.1:£1.62 | 23.741.49 | 20.941.51 | 20.9£0.81
ATGP-NPD [107°| 15.941.11 | 20.6:1.27 | 20.6:1.33 | 18.5+1.07 |20.2+0.647
Fig. 2. Performance under various Niax. (&N, L) = (10, 5000). 10°°]14.140.886| 18.5£1.04 | 18+1.4 [17.6+0.777/19.8£0.512
where A = {fy,...,ixy} is an index set of ‘nearest’ pure

SNRs. Moreover, we see that £, SD-SOMP for ¢ = 2, 5 es-
sentially yields the same performance as /., SD-SOMP. Since
L., SD-SOMP is easier to implement and £, SD-SOMP for ¢
€ (1, 00) does not exhibit a better provable robustness than £,
SD-SOMP (see Remark 4), we will consider only ¢, SD-SOMP
hereafter.

Our development has been based on a plain hyperspectral
model (i.e., (1)), which does not consider any preprocessing
for noise suppression. In fact, we can do the latter and
performance can be improved. Fig. 2 shows the performance
of £, SD-SOMP when the inexact ASF-DR step is employed.
We see that the detection probability of £,, SD-SOMP with
ASF-DR is considerably enhanced compared to that without
ASF-DR.

It is also interesting to examine how £, SD-SOMP or other
HU algorithms perform when no pure pixel exists. To carry out
such a simulation, let us define

to be the pure pixel level of endmember k. Since there is no pure
pixel, we evaluate another detection probability, Prob{A = A},

pixels, and those nearest pure pixels are picked by

g = argn:nllinL l|Asn] —agl|l,, Vk.

Fig. 3 shows the performance of ¢, SD-SOMP under various
pure pixel levels, wherein we set p, = pfork = 1,..., N.
We see that when p > 0.85, £, SD-SOMP can always exactly
identify A. Such robustness to violation of the pure pixel as-
sumption can be explained by the robustness of ¢, SD-SOMP
to noise, since pixels that are close to the true endmembers can
be considered as pure pixels corrupted by small noise; see the
discussion in Remark 1.

Table I shows the accuracies of estimating the model order
N by various algorithms. This time, we consider not only £,
SD-SOMP and GENE-CH/-AH, but also other state-of-the-art
methods for estimating the model order; they are HY SIME [20],
HFC and its noise-whitened version, i.e., NWHFC [21], and
ATGP-NPD [23]. It is seen that in general, both Z,, SD-SOMP
and HYSIME give very reliable estimations of N. In partic-
ular, 4., SD-SOMP always achieves correct identification as N
varies from 4 to 16, while HYSIME tends to underestimate N
when N = 16 and 20.
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Fig. 4. The RGB image of the TERRAIN HSI. The red dots are the visually
picked pure pixels.
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0.9f [—soail1 g
soil 2

081 | —tree1 7
——grass

07y —tree2 (] i

06} shade i
8 = ==soil 3

—0.1 L L L L L L L L
20 40 60 80 100 120 140 160

bands

Fig.5. Spectra of visually picked pure pixels in the TERRAIN HSI experiment.

VI. REAL DATA EXPERIMENT

In this section, we test {; SD-SOMP on the TERRAIN HSI,
which is a 550 x 307 image captured by the HYDICE sensor
[33]. The RGB image of this dataset is shown in Fig. 4. Owing
to its high spatial resolution, the number of endmembers can be
visually checked to be around 5-8; in fact, the first five principal
components of the dataset contain more than 99% of the total en-
ergy. Some visually identified pure pixels are plotted in Fig. 5.
We remove highly contaminated bands, specifically, bands 1-4,
76, 87, 103—111, 136153 and 200-201, which results in 166
active bands. Our experiment is conducted following the proce-
dure suggested in [22]: 1) reduce the dimension of the pixels to
Nmax = 50 by inexact ASF-DR, apply £, SD-SOMP to select
a set of pixels A, and let N = |A[; 2) apply exact ASF-DR with
dimension N for further suppression of noise, and then apply
£+ SD-SOMP to select N pure pixels; 3) transform the selected
dimension-reduced pixels to the original space to obtain the es-
timated endmembers.

The estimated model orders by £, SD-SOMP, GENE-AH,
GENE-CH and HYSIME are listed in Table II. In this experi-
ment, GENE-CH fails to converge within its maximum number
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Fig. 6. Estimated endmember spectra by £, SD-SOMP in the TERRAIN HSI
experiment.
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Fig. 7. Estimated endmember spectra by VCA in the TERRAIN HSI
experiment.

TABLE 11
THE ESTIMATED NUMBER OF ENDMEMBERS BY VARIOUS
ALGORITHMS IN THE TERRAIN HSI EXPERIMENT

Algorithm Pra estimated N
GENE-AH 108 42
GENE-CH 108 -
HYSIME - 24

foo SD-SOMP - 7

of iterations (i.e., 50), and GENE-AH and HYSIME yield N =
42 and N = 24, resp. The estimated model order by the pro-
posed £, SD-SOMP is N = 7, which is close to the number of
the visually identified materials.

Fig. 6 shows the estimated endmember spectra by £,
SD-SOMP. To benchmark, we run another algorithm, namely,
VCA [16]. VCA does not handle unknown model order, and
we run it by prespecifying N =7 (the same number as that
identified by /., SD-SOMP). The results are displayed in
Fig. 7. We see that both £, SD-SOMP and VCA miss ‘water’;
this may be due to the fact that the spectrum of ‘water’ is
highly correlated with that of ‘shade’ (cf. Fig. 5). To quantify
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TABLE III
MEAN-REMOVED SPECTRAL ANGLES ¢ (DEGREES) OF £
AND VCA IN THE TERRAIN HSI EXPERIMENT

SD-SOMP

Algorithm | soil 1 [ soil 2 | soil 3 | shade [ tree I [ tree 2 | grass
VCA 6.95 4.49 1.74 33.10 3.53 31.24 7.72
lso SOMP 4.00 4.92 1.64 47.20 0.67 21.43 16.73

the endmember estimation accuracy, we use the mean-removed
spectral angle (MRSA):

(E = arccos (aeSt — m(aeSt))T (avisual -
Haest - m(aest)Hz Havisual -

where m(a) = (1/M)(17a)l, and ayisua and aey denote
the spectrum of the visually identified pure pixel and the cor-
responding best-matched spectrum of the pure pixel selected
by an algorithm, respectively. MRSA is the angle between the
mean-removed estimated spectrum and the visually selected
spectrum—a small MRSA means that the two spectra match
with each other well. The results, tabulated in Table III, indicate
that £, SD-SOMP gives reasonably good MRSAs.

m (avisual) ‘ | 2

m(avisual )) ) :

VII. CONCLUSION

In this paper, we have considered a greedy approach for han-
dling the self-dictionary sparse regression formulation for hy-
perspectral unmixing. The relationship between greedy self-dic-
tionary sparse regression and pure pixel search was revealed,
and exact recovery conditions of the proposed greedy algorithm
in the noisy case were analyzed. Numerical results and an ex-
periment based on the TERRAIN HSI dataset showed that under
the pure pixel assumption, the proposed greedy algorithm yields
good endmember and model-order identification performance.

APPENDIX

A. Proof of Theorem I and Observation 1

Our proof takes insight from that of [19, Property 3]. In par-
ticular, we use induction. Recall the greedy selection step at the
kth iteration of £, SD-SOMP in Algorithm I:

L T
i = arg max Ry i<l @)
wherel < k< NandRj_; = P)JEAk

) X. Suppose that 72; is
a pure pixel index of endmember i fori € {1,...,

k—1}. By

observing X, , = [a1,...,85-1] = A1.x-1 in the noiseless
case, we have
N
||R,€71x[n] ZXTPil:kilaisi[n] (23a)
i=k q
N
<Y sl |[X7PA,, Lai  @3b)
i=k
< max |XTPX . @39

where s;[n] denotes the ith element of s[n], (23b) is obtained
by applying the triangle inequality, and (23c) by the properties
sln] > 0,17s[n] = 1. Let us assume | X7P3 1ak||q =
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AAAAA N XTPy ain. It is seen that equality in (23)
holds when s[n] = eg. Hence, the maximum in (22) is attained
when n is a pure pixel index of endmember %.

We also need to show that the maximum in (22) is attained
only when n is a pure pixel index. Consider the case of 1 < ¢
< 00. By the Minkowski inequality, equality in (23b) holds
only if

X"Py,, ,ai=X"Py,, a (24)
forall 4,5 € {k,...,N}, ¢ # j, with s[i] # 0, s[j] # 0.
However, (24) does not hold: The matrix X can be shown to
have full column rank when {a;,...,ax} is linearly indepen-
dent and the pure pixel assumption holds. As a result, (24) is
equivalent to P~ a; = Px  a;, which does not hold
when {ay,...,ay} is linearly independent. We therefore con-
clude that the greedy selection step in (22) must choose a pure
pixel index of a previously unidentified endmember.

The proof above does not cover the case of ¢ = o¢. For g
= o0, the greedy selection step can be expressed as

max ||Rfflx[nm

n=lL...., oG
_ T L :
= max, max Py, Xl (s
= max max (PL x[m])T< ¥ X[n})
n=1,...L m=1,...,.L Xap_1 Xap 4
(25b)
2
< max HPXAk lx[n]HQ (25¢)

where (25¢) is due to the Cauchy-Schwartz inequality. More-
over, equality in (25c) is attained when we choose m = n
in (25a). Hence, the greedy selection step can be simplified
to A, = argmax,—1 . p ||PXA x[n ]|| The resulting algo-
rithm takes the same form as SPA [25], w%nch has been proven
to yield exact pure pixel identifiability [19, Property 3] (see also
[25, Theorem 1] and [5]).

B. Proof of Lemma 1

Let us assume w.l.o.g. that each & € {1,..., N} is a pure
pixel index of endmember &, so that we can conveniently write
x[k] = ar + v[k], k = 1,..., N. Consider the following C

_ [ sl1] s[2] s[L]
C= [ 0 o ... 0|’ (26)
wheres[n] € RY,n = 1,..., L, are the true abundance vectors.
Clearly, such a C satisfies (9¢). It also satisfies (9b) for § > 2e¢,
since

[x[n] = Xen|l, = HAS[N] +v[n] - Z si[n] (ai + v[i])

2

- Zsi[n]v[z}
< |lvin]ll, + Zsz

<2e <4

2

HIvEEll,
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for any n € {1,...,L}. Note that to obtain the above in-
equality, we have used the basic abundance assumptions s[n| >
0,17s[n] = 1. Thus, the C in (26) is a feasible point of Problem
(9). Tt also follows from (26) that | C|lrow—0 = N.

C. Proof of Lemma 2

We prove Lemma 2 by contradiction. Denote r = 2(§ +
2¢€) /0 min(A) and A = rowsupp(C) for convenience. Suppose
that (10) does not hold; this means that

lex —s[alll, > r, VA € A, 27)

where k& € {1,...,N}. Our task is to show that (27) cannot
be satisfied. To proceed, first note the following identity for any
s>0,17s = 1

lew = slls = (1= 1)+ 3 s
ik

=2(1 — s). (28)

Also, assume w.l.o.g. that k € {1,..., N} is a pure pixel index
of endmember k. Then, we have

Ix[k] — Xexl, = |lar + v[k] =) cxs (As[i] + v[i))
€A
>a -3, (39)
where
a=||A (ek — Zc,m-s[io , o B= Ik =Y erivli]
i€EA 2 i€EA 2

Let us further derive a bound on (29). Using the feasibility of
C w.r.t. Problem (9), specifically, ¢, > 0, 17¢c;, = 1, one can
easily verify that

BV, + D ewi VI, < 2. (30)
i€A

Moreover, the following inequality can be shown
& >0onmin(A)| e — Z Che,iS]1] (31a)

i€A 2
> Onin(A) |1 - 3 g isuli (31b)

1EA
> O - [i

_Umln(A) <]- I?Ea}i( SL[Z]> (31c)
> Grin(A) - % . (31d)

where (31b) is by ||x||2 > |ak| for any k; (31¢c) is by ¢, > O,
17¢, = 1,and 1 > si[i] > 0 for all i; (31d) is by (27), (28),
and the definition of . Substituting (30) and (31) into (29) leads

to
[x[k] — Xell, > 6,

which violates the feasibility condition (9b). Hence, we have
proven that (27) contradicts with the feasibility of C. As aresult,
the desired result in (10) must hold.
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We should also consider the case of » < 1. Using (28), we
can re-express (10) as
k=1,...,N.

splin] >1— = > 1 (32)
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Suppose that some of the #nj,...,7ixy are repeated; i.e.,
Ay, = n; for some k # j. Then, one can verify from (32) that
17s[Ax] > 1, a contradiction to the abundance sum-to-one
assumption 17's[n] = 1. Hence, we conclude that r < 1 implies
distinct 21,..., 7N

D. Proof of Theorem 2

Step 1) Suppose that

2(5 + 2¢)
> L
d > 2e, E—

are satisfied simultaneously. Then, by Lemmas 1-2, an optimal

<1 (33)

solution C,p¢ to Problem (9) must satisfy i) || Copt |, o = N>
and ii)
2(5+2
lex, — slawlll, < a(mn;(;)) fork=1,...,N, (34)
where we denote rowsupp(Copt) = {71,...,7n }. Inequali-
ties (33) can be shown to be satisfied when
min A min A
< Jumint?) 8( ) oc <5< Cun(A) 2( ) o (35)

The latter inequality leads to the condition on § in Theorem 2.
Step 2) Let us further consider a case where

ler — s[agl]l; < d(S), (36)

forallk € {1,..., N}. By the definition of d(8), one can easily
verify that (36) is identical to s[fix] = ey; i.e., {f1,..., AN} is
a complete pure pixel index set. Inequalities (36) are achieved
when

2(8 + 2¢)

Tmin (A)
By combining (35) and (37), we obtain the sufficient exact re-
covery condition (12) in Theorem 2.

< d(S). (37

E. Proof of Corollary 1

The proof of Corollary 1 is the same as that of Theorem 2
shown above, except that we do not consider Step 2 there. Ad-
ditionally, the error bound in Corollary 1 is obtained by

lak — x[Ax]ll, <

|A (er —s[ax)ll, + e (382)

< <Z_r{1axN |ai|z> llex — s[fk]ll; + €
(38b)
2(5 + 2¢) (lr{me |ai||2>
< - +e (38c)

Tmin (A)
where (38b) is due to the triangle inequality, and (38c) is by (34).

F. Proof of Theorem 3

The proof is divided into four steps.
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Step 1) First, we show that {#1,...,Ax} is a complete pure
pixel index set under certain conditions on €. Suppose that con-
dition (16) in Fact 1 is satisfied, and assume w.l.o.g. that the
permutation 7 in (17) isw = (1,2,..., N). From (17), we get

e-n(A) = [lar — x[fu]|,

> amin(A>
- 2

where (39) is derived by the same way as in the proof of
Lemma 2, particularly, (29)—(31). Let us reorganize (39) as

2(1+n(A))e a
dll < = 2
Urmn(A-)

We note that s[fi;] = e if r < d(S) (see the definition of d(8)

in (13)). The latter condition is shown to be satisfied when

Omin(A) - d(8S) < Tmin(A) - d(S)
2(1+n(A)) dn(A)

where we have used n(A) > 1 to obtain the second inequality.

Step 2) Second, we examine conditions under which Stopping
Rule 1 does not hold for any iteration number & < N — 1. To
proceed, assume w.l.o.g. that each index j € {1,...,N}isa
pure pixel index of endmember j, and that fi; = j for all j
€ {1,..., N}. With this setting, we can write x[i] = a; + V][]
foralli =1,...,N and X, = A1 + V.. Consequently,
the objective function in (15) for n = k 4+ 1 is shown to yield a
lower bound

lex — s[fw]ll, — (39)

lex —s[h (40)

(41)

0 c
Ix[k + 1] — Xa,&lly > omm(A) |[[ 1] = [0 ]| —2¢
0 0],
> i (A) — 26, 42)

forany € > 0,17 ¢ = 1, where the proof of the above inequality
is analogous to (29)—(31) in the proof of Lemma 2. We see from
(42) and (15) that Stopping Rule 1 is not satisfied if

Omin(A) — 26 > 4. (43)

Step 3) Third, we identify a condition under which Stopping
Rule 1 is satisfied at iteration £ = N. Under the same setting
as the previous step, we have X4 ,, = A + V1.n. From (15), it
can be easily verified that

amin ] X, 2l < [l - X sl

<2e, (44b)

(44a)

forany n € {1,..., L}, where (44b) is obtained by the same
proof as in Lemma 1. Inequality (44) suggests that Stopping
Rule 1 is satisfied at k = N if 2¢ < § holds.

Step 4) Last, we combine the conditions obtained in Steps
1-3, namely, (16), (41), (43), and § > 2e, for achieving a
complete A. The aforementioned equations are shown to hold
simultaneously if (18) and § € [2€, o min(A) — 2¢) are true.
Theorem 3 is therefore proven.

G. Proof of Theorem 4

The proof is almost the same as that of Theorem 3.
The only difference is that in Step 2 of Theorem 3, we
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should replace ||x[k + 1] — X4,€|, at the LHS of (42) by

|x[fig+1] — Xa, €|, However, since the previous step has
shown that fizy1 = k + 1, the proof turns out to have no
difference.

H. Proof of Corollary 2

The proof is similar to that of Theorem 3. We concisely de-
scribe the proof by highlighting the key steps. First, suppose that
condition (16) in Fact 1 holds. Following Step 1 of the proof
of Theorem 3, we have (40). Applying (28) to (40), we further
obtain

sk [ny] >

si[ng] <

; (45)

l\.')lﬁ

1-—
r .
5 for all i # k. (46)
Second, consider Stopping Rule 1 for iteration £ < N — 1. By
the same setting as Step 2 of the proof of Theorem 3, we show
that

k
HXUC + 1] - XAk(_:HQ > Umin(A) €p41 — Z EZ'S[TAL,'] — 2¢
i=1 2
(47a)
k
Zamin(A) Z LSL+1 nz — 2¢
i=1
(47b)
> R
> Gmin (A) (1 2) 2, (47¢)
=omin(A) — (3+1n(A))e, (47d)

for any € > 0, 17€ = 1, where (47a) is obtained by the same

way as in (29)—(31); (47b) is by ||x||a > |z;| for any i; (47¢) is

by (46). Hence, if
Umin(A-) -

(3+n(A))e >4, (48)

then ||x[k + 1] — X4, €l|, < & does not hold. Consequently,
Stopping Rule 1 is not satisfied. Third, consider Stopping Rule
1 at iteration £k = N. By the triangle inequality and Fact 1, it
can be shown that

i ] =X, < Jxfn] - X sl
N
=1 siln] [Ai])+v(n]
=1 2
<e-n(A)+e

forany n € {1,...
k=N if

,L}. Hence, Stopping Rule 1 is satisfied at

(1+n(A))e <4 (49)

Last, we find conditions under which (16), (48) and (49) are
satisfied simultaneously. It is shown that the aforementioned
equations hold if (20) is satisfied and J lies in the range [(1 +
N(A))e, omin(A) — (3 + 1(A))e).

The above proof assumes Stopping Rule 1. The proof for
Stopping Rule 2 is the same, except for (47) where one should
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consider ||x[fig+1] — X4, €||,. By the same proof method as be-
fore, we prove that

[1%[ny] = X €l
k
> Oumin(A) |Skra[Prir] = > Giskra[fi]| — 2
i—1

> Omin(A)(1 — 1) — 2,
= omin(A) — (44 2n(A)) e.

By replacing the LHS of (48) with the above equation, the noise
bound in (21) and the corresponding range of  are shown.
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